A vertex 2-coloring of a graph is said to be perfect with parameters (a ij ) k i,j=1 if for every i, j ∈ {1, ..., k} every vertex of color i is adjacent with exactly i vertices of color j. We consider the perfect 2-colorings of the distance-2 graph of the 24-cube {0, 1} 24 with parameters ((20 + c, 256 − c)(c, 276 − c)) (i.e., with eigenvalue 20). We prove that such colorings exist if c = 3, 6, 8, 9, 11, 12, 14, 15, 16, ..., 128 and do not exist if c = 1, 2, 4, 5.
Introduction
We study the vertex colorings of the vertices of the distance-2 graph of the 24-cube that are perfect colorings with the eigenvalue 20. These parameters are of interest by the following reasons.
At first, a known problem is the existence of perfect colorings of the 24-cube (i.e., its distance-1 graph) with parameters from the list ((1, 23)(9, 15)), ((2, 22)(10, 14)), ((3, 21) (11, 13)), ((5, 19)(13, 11)), ((7, 17)(15, 9)) (according to [1, 3, 2] , the question of the existence of perfect colorings of the n-cube with fixed parameters is closed for n < 24). Colorings with such parameters would correspond to colorings of the distance-2 graph with parameters from the class under study (see Section 2 for the connection between perfect colorings of the distance-1 and distance-2 graphs).
At second, an interesting fact is combining two different-nature construction allows to cover a large specter of 121 parameter sets.
Let G be a simple graph; let I be a finite set, whose elements will be called colors. A coloring T : V (G) → I is called perfect with parameter matrix (s ij ) i,j∈I , iff T is surjective and for every colors i and j every vertex of color i has exactly s ij color-j neighbors.
By H n we denote the hypercube of dimension n, or n-cube (the vertices are the binary words of length n; two words are adjacent iff they differ in exactly one position; the distance between two words is the number of positions in that they are different). The the distance-2 graph of the hypercube will be denoted by H n (two words are adjacent iff they differ in exactly two positions); its degree is n(n−1)/2. This graph has two connected components; we denote them H even n and H odd n ; prom the point of view of perfect colorings it is sufficient to consider only one of them.
Usually, we will consider colorings into two colors, of 2-colorings; the parameter matrix will be written as ((a, b)(c, d)). Note that, arranging the colors, we can always set b ≥ c. If the graph is regular of degree s, then a necessary condition for the existence of a perfect coloring with parameters ((a, b)(c, d)) is a + b = c + d = s. So, graph's degree is an eigenvalue of the parameter matrix. The second eigenvalue is a − c = d − b; we will refer this value as the eigenvalue of the perfect 2-coloring and of its parameters. Often, it is convenient to consider a 2-coloring as the characteristic function of some set; in this case 1 will be considered as the first color; 0, as the second.
In this paper we study admissible parameters of perfect 2-colorings of H even 24 with the eigenvalue 20, i.e., parameters of the form ((20 + c, 256 − c)(c, 276 − c)).
We will prove the following:
with the parameters ((20 + c, 256 − c)(c, 276 − c)) exist for c = 3, 6, 8, 9, 11, 12, and all c from 14 to 128. The values c = 7, 10 and 13 remain under the question; however, the proved facts allow to observe the existence of gaps in the specter of admissible parameters.
2 A connection between perfect colorings of the graphs H n and H n Lemma 1. A perfect coloring of H n with matrix S is a perfect coloring of H n with matrix 1/2(S 2 − nE) (where E is the identity matrix).
Proof. Let us consider a perfect coloring T of H n with matrix S. By the color structure T (M) of some set M of vertices of H n we call the collection from |I| numbers each of them denoting the number of the vertices of the corresponding color in M. For an arbitrary vertex v of H n the the color structure of {v} consists of zeros in all the positions except T (v), where the one is. Denote by D 1 (v) and D 2 (v) the set of vertices at the distance 1 and 2 from v, respectively. By the definition of a perfect coloring we have T (V 1 (v)) = ST ({v}). Summarizing this formula over the neighborhood D 1 (w) of some fixed vertex w, we get
On the other hand, in the sum in the left the index u runs over twice the vertices of D 2 (w) and n times, the vertex w. Therefore, this sum also equals nT (w) + 2T (D 2 (w)); so, we deduce 
Codes and perfect colorings
In this section we construct a class of perfect 2-colorings of H odd 24 with the parameters announced in Theorem 1. The support of the first color of a coloring will be constructed as the union of cosets of one linear code and the neighborhoods of cosets of the Goley code.
The set of the binary n-words (i.e., V (H n )) will be denoted by E n and considered as an n-dimensional vector space over the two-element field with the modulo 2 calculations. The distance ρ(·, ·) between two words is, as usual, the number of positions in which these words differ (which coincides with the natural graph metric in H n ). Recall that, by definition, an (n, M, d) code is a set from M vertices of H n such that the distance between any two different words is not less than d. The neighborhood Ω(C) of some set C ⊂ E n is the set of all the words at the distance 1 from C.
Let C 1 and C 2 be two (8, 16, 4) codes such that C 1 ∩ C 2 = {00000000, 11111111} (for definiteness, C 1 and C 2 can be defined as containing 00101110 and 01001110 respectively and closed with respect to the addition and with respect to the cyclic permutation of the first seven coordinates). Define the code
The distance coloring of a code C is a function on E n defined as the distance between the given vertex and C. In particular, the generated coloring of H odd 24 is a 2-coloring with parameters ((23, 253)(3, 273)). Proof. It is known [4, 18.7.4 ] that (1) defines an extended perfect (24, 2 12 , 8) code, the Goley code. This means that the distance from any vertex to F is not more than 4. Moreover, the words with even number of ones (from V (H even 24 )) have colors 0, 2, 4; with odd (from V (H odd 24 )), colors 1, 3. So, a color-4 vertex is adjacent in H 24 with 24 color-3 vertices; a color-3 vertex is adjacent with color-2 and color-4 vertices only, the number of neighbor color-2 vertices being 3, because there is exactly one code vertex at the distance 3 from the given vertex; the other colors can be checked similarly. The parameters of the perfect coloring of H 24 follow from Lemma 1.
So, χ Ω(F ) is the first 2-coloring from the parameter series of Theorem 1. Taking disjoint translations of Ω(F ) and using Lemma 2, we would be able to construct 2-colorings with other parameters. In order to do it, we need as much as possible cosets by F at the mutual distance 4 from each other. Consider the set
where B is the (8, 128, 2)-code containing 00000000 and, consequently, including C 2 (C 1 and C 2 are defined before the definition of F (1)).
Lemma 4.
The set D is a (24, 2 18 , 4) code.
Proof. We first observe the validness of the three simple inequalities
Consider words r = (x + y, x + z, x + y + z) and r
If x = x ′ , then, using (2) and the code distance 4 of C 1 , we get ρ(r, r have the type (x + e, w), where e is an arbitrary word with exactly two ones. Since the number of such the words is 28, every code vertex is adjacent with exactly 28 code vertices and, consequently, with 248 non-code vertices.
2) Consider a non-code vertex (x, w) of H that are adjacent with (x, w) are of type (x + e, w + e ′ ) where each of the words e and e ′ has exactly one one. The word e can be chosen in 8 ways, while e ′ , in not more than one way (otherwise C 16 contains two words at the distance 2 from each other). So, the number of code vertices that are adjacent with (x, w) does not exceed 8. If x ∈ B, then w ∈ C 16 , and the code vertices adjacent with (x, w) are of type (x, w + e ′′ ) where e ′′ has exactly two ones. The number of ways to choose e ′′ is not more than 8 (otherwise C 16 contains two words at the distance 2 from each other). So, every non-code vertex is adjacent with not more than 8 code ones. On the other hand, as follows from 1), the number of edges connecting code and non-code vertices equals 2 18 · 248 (where 2 18 the number of the code vertices), which coincides with (2 23 − 2 18 ) · 8, where 2 23 − 2 18 the number of the non-code vertices H even 24 . We conclude that every non-code vertex is adjacent with exactly 8 code vertices and, consequently, with 268 non-code ones.
Let us consider the set
and partition it into the 8 cosets L 1 , . . . , L 8 by L. Since the distance from D to N is 3, we see that all the sets Ω(
. . , L 8 are mutually disjoint and, applying Lemma 2, get the following:
Lemma 6. For any i ∈ {0, 1, . . . , 64}, j ∈ {0, 1, . . . , 8}, 0 < i + j < 72, the characteristic function of the union of i sets from Ω(F 1 ), Ω(F 2 ), . . . , Ω(F 64 ) and j sets from L 1 , . . . , L 8 is a perfect coloring with parameters ((20+3i+8j, 256−3i−8j)(3i+8j, 276−3i−8j)).
Since all the numbers from 1 to 128 except 1, 2, 4, 5, 7, 10, 13 can be represented as 3i + 8j, Theorem 1 is proved. Proof. We consider only the case of ((25, 251)(5, 271) ), because the other cases are simpler. Let us take an arbitrary v from C and show that it belongs to a sphere included to C. W.l.o.g. we can assume v = 000000000000000000000000. A pair {i, j} of coordinates from 1 to 24 is called code if the word with ones in the ith and jth positions and zeros in the others belongs to C. As follows from the parameter matrix, there are exactly 25 code pairs. Moreover, the parameters also imply that (*) a non-code pair can intersect with at most four code pairs (the fifth neighbor will be v).
Proof of Theorem 2. The nonexistence
Consider the cases: 1) If some ith coordinate belongs to 23 code pairs, then the corresponding words together with v constitute a sphere, which proves the statement for this case.
2) If some ith coordinate belongs to less than 23 and more than 4 code pairs, then i belongs to some non-code pair, contradicting (*).
3) If some ith coordinate belongs to exactly 4 code pairs, then there is a code pair {j, k} disjoint with all of them. Then the non-code pair {i, j} contradicts (*). 4) Assume that there is no a coordinate that belongs to more than 3 code pairs. Since the number of code pairs is greater than 24, there is a coordinate i that belongs to some 3 code pairs {i, j 1 }, {i, j 2 }, {i, j 3 }. It is easy to count that among the remaining 20 coordinates there is j that belongs to two code pairs. Then the non-code pair {i, j} contradicts (*).
The lemma is proved. Since the values c = 1, 2, 4, 5 contradict Lemmas 7 and 8, Theorem 2 is proved. Moreover, we can conclude that a perfect coloring with parameters ((23, 253) (3, 273) ) is unique up to graph automorphisms. H
